Non-equilibrium aspects of the BCS model have fascinated physicists for decades, from the seminal works of Eliashberg to modern realizations in cold atom experiments. The latter scenarios have lead to a great deal of interest in the quench dynamics of fermions with pairing interactions. The recently introduced notion of a dynamical quantum phase transition is an attempt to classify the myriad of possible phenomena which can result in such far from equilibrium systems. These are defined as non-analytic points of the logarithm of the Loschmidt echo and are linked to oscillations in the dynamics a systems order parameter. In this work we analytically investigate the relation between DQPTs and oscillation of the superconducting order parameter in quenches of the BCS model. We find that each oscillation of the order parameter is accompanied by a DQPT which is first order in nature. We show this for a variety of initial states and furthermore find that when the order parameter attains a constant steady state then no DQPTS occur.
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I. INTRODUCTION
Equilibrium phase transitions (EPTs), both classical and quantum are quite well understood. This is grounded in the existence of a ubiquitous object, the partition function which characterizes the system. In the thermodynamic limit, the logarithm of the partition function, the free energy may exhibit non analyticities as a function of temperature or some other system parameter, signifying a phase transition. This behavior is then displayed by the systems observables which are given by derivatives of the free energy and so maybe non analytic themselves. Combined with the notion of universality and the renormalization group [1] equilibrium phases and the subsequent properties of many disparate systems can be efficiently studied.
Away from equilibrium the situation is less straightforward. For closed quantum systems which are far from equilibrium the natural object to study is the time evolution operator, U (t). This object however, can defy calculation even in non-interacting systems as it depends on both the Hamiltonian of the system and how it was taken out of equilibrium. The simplest type of non equilibrium scenario one can study is the sudden quantum quench [2] [3] [4] [5] [6] [7] [8] . A system is initially prepared in a state, |Ψ i which is taken to be an eigenstate of some Hamiltonian, H i (λ i ) which depends upon a parameter λ i . This is then rapidly changed, λ i → λ f and the system allowed to evolve according to H(λ f ). Such quenched systems are routinely created experimentally in a multitude of platforms most notably in cold atom gas systems [9] . The theoretical simplicity and experimental relevance of the sudden quantum quench has resulted in this being by far the most widely studied type of non-equilibrium system. * crylands@umd.edu In this context it was proposed that a simpler quantity to study is the Loschmidt amplitude [10, 11] 
which is the expectation value of the time evolution operator in the initial state. G(t) resembles a boundary partition function and likewise its logarithm may exhibit non analytic points as a function of t [12] . By analogy with EPTs these are called dynamical quantum phase transitions (DQPTs). Unlike the equilibrium system however DQPTs may occur for finite size systems and periodically in time. We denote the period by t DQPT . As a function of z ∈ C, G(z) may have lines of zeros throughout the complex plane. EPTs occur when these zeros cross the imaginary axis [13] while DQPTs occur when they cross the real axis. If there are no non-analytic points within the upper right quadrant of the complex plane then one can analytically continue G(t) to imaginary time and study the dynamics of the system using standard techniques of equilibrium systems [1, 14] . The appearance of non analytic points in the upper quadrant signals the breakdown of this method and furthermore the breakdown of any real time perturbative methods once they cross the real axis, i.e when a DQPT occurs. A related quantity of interest is the Loschmidt echo, L(t) = |G(t)| 2 which is the probability that the system returns to its initial state after a time t. The echo shares the same analytic properties as L(t) and DQPTs can likewise be defined as non-analytic behaviour of log L(t). The relevance of G(t) or L(t) for the dynamics of the system and in particular the behaviour of its observables as a function of time, is less obvious than in the equilibrium case. Indeed, derivatives of log G(t) do not give expectation values of observables. It has been shown however, notably in the Ising model and its variants [10] and more recently in the Bose Hubbard model [15] that the period of oscillations of the order parameter coincides exactly with t DQPT in certain quenches. The connection between these two quantities is through the amount of work, W , done on the system during the quench and via analogy with zero temperature EPTs or quantum phase transitions [10, 11, 16] . In this regard W plays the role that temperature does in EPTs. The post quench behaviour of a system will depend upon the amount of energy it has absorbed during the quench and so its observables should depend upon W [17] . By definition L(t) is the probability that no work be done on the system and so one can expect the behaviour of L(t) to be related to that of the observables if W = 0. By analogy with quantum phase transitions which happen at zero temperature but affect properties of the system at T > 0 [18] , the behaviour of the L(t) can be expected to affect the system properties even when W > 0.
DQPTs have by now been investigated in numerous systems and for various quenches and although there exist a number of analytical studies, results are predominantly based upon numerical work and for finite size systems . In particular we are not aware of any studies in which both the dynamics of the order parameter and the Loschmidt echo are calculated analytically and done so for a range of initial states. The aim of the present study is to fill this gap. Ideally we would like to study an experimentally relevant model which exhibits nontrivial quench dynamics, supports DQPTs and admits an analytical description of both its order parameter and the Loschmidt amplitude when quenched from a variety of initial states. Fortunately, such desirable qualities are possessed by the reduced BCS model (see (2)), hereafter simply refereed to as the BCS model.
The BCS model is one of the most comprehensively studied models of non-equilibrium physics. Originally investigated in the context of solid state systems through the seminal works of Eliashberg and collaborators [43] [44] [45] , the model has garnered much attention in the field of ultra cold atom experiments [46] . In these experiments, closed systems of fermions with tunable pairing interactions can be readily created. The ability to vary system parameters in real time within these experimental systems allows one to study the quench dynamics of a closed quantum system. There exists an extensive literature on the quench dynamics of the BCS and related models detailing its behaviour from a variety of initial states and changes of system parameters [47] [48] [49] [50] [51] [52] [53] [54] [55] . Broadly, the dynamics of its order parameter post quench can be classified into 2 distinct classes depending on the choice of initial state and final Hamiltonian parameters. In the first, the order parameter, ∆(t) undergoes persistent oscillations while in the second the oscillations decay and the system is characterized at long time by a constant ∆(t) = ∆ ∞ ≥ 0. Relying upon this previous work we show that in the former scenario each oscillation is accompanied by a DQPT which occurs exactly when ∆(t) reaches a maximum. These DQPTs are distinct from those discovered previously in that they occur only in the thermodynamic limit and are akin to first order EPTs i.e, ∂ t log L(t) is discontinuous. In the latter scenario when oscillations are absent, we find that there are no DQPTs at long time. Furthermore, we show that this connection between DQPTs and maxima of ∆(t) exists for many different choices of initial state and can be extended to encompass other related central spin [52] and cold atom models [55] .
II. HAMILTONIAN AND QUENCH DYNAMICS
The Hamiltonian of the BCS model is given by
where c † k,σ , c k,σ are creation and annihilation operators for fermions with spin σ =↑, ↓ and momentum k. They have single particle energy levels ǫ k and interact via a pairing interaction of strength λ. The model separates into sectors wherein each level is singly occupied, called the blocked sector, or either empty or doubly occupied called the unblocked sector. We shall consider here the case where there are no states in the blocked sector, levels are either empty or doubly occupied and are interested in the quench where we change the coupling constant from
The Hamiltonian is quantum integrable [56, 57] and can be solved via Bethe Ansatz however since it contains infinite range interactions the mean field description becomes exact in the thermodynamic limit and provides a simpler approach to the system. This remains true even out of equilibrium and so we have that at time t the system is in the state
Here |0 is the vacuum which contains no particles. The coefficients u p (t) and v p (t) are solutions of the time dependent Bogoliubov-de-Gennes (BdG) equations,
where ∆(t) is the time dependent superconducting order parameter. It is defined as
The simplicity of the state (3) means that the Loschmidt amplitude can be readily evaluated,
where the initial state encoded in the initial conditions u p (0), v p (0). The solutions of (4) subject to the self consistency condition (6) constitute an exact description of the quench dynamics of the system. This represents a dramatic simplification of the full many body problem, however the solution of (4) for arbitrary ∆(t) is not known in closed form. Despite this there exists a number of exact, non trivial solutions to the self consistent problem which also correspond to physically relevant quenches. These exact solutions where discovered first in studies of Peierls instabilities in one dimensional conductors [58] [59] [60] [61] [62] . It was shown that such materials could could support solitonic excitations of its order parameter and moreover periodic spatial superstructures. The equations governing these soliton lattices can be ampped to (4) and (6) with space exchange for time. Therefore the quenched BCS model can support such solitonic like behavior in the dynamics of ∆(t) and in particular can exhibit persistent oscillations in time.
Other classes of solutions were subsequently constructed in which ∆(t) exhibited damped or overdamped oscillations and attained a steady state value at long time. In the following sections we review the construction of these solutions as well as calculate the Loschmidt echo. By expressing the echo directly in terms the order parameter we construct a "dynamical free energy" [63] and can relate the DQPTs directly to ∆(t).
III. PERSISTENT OSCILLATIONS AND DQPTS

A. A single revival
The simplest quench problem is to take the system to be initially a free Fermi gas described by (2) with λ i = 0. Moreover we consider the case when |Ψ i is the ground state with u p (0) = Θ(ǫ p ), v p (t) = Θ(−ǫ p ). Following [48] the quench dynamics are solved by rewriting the BdG equations in terms of ω p = u p /v p and f p = u p v p for ǫ p > 0 (ǫ p < 0 is similar due to particle hole symmetry but with the solutions u p ↔ v p and ǫ p → |ǫ p |). These quantities satisfy the following equations
The solution for ∆(t) follows from the substitution
where N is some normalisation. The order parameter is given by
where t 0 an integration constant and ∆ f determined by the self consistency condition (5) [64] . The order parameter therefore exhibits a single collapse and revival peak with the maximum occurring at t = t 0 .
In order to calculate G(t) we require u p and v p which can be determined by writing u 2 p = ω p (t)f p (t). After substituting in for ω p , f p and carrying out the integration we get
. We can check that these give a consistent solution by computing
Inserting this into (5) as well as the corresponding ex-
where ν is the density of states around the Fermi energy and D is the half bandwidth of the system. This is the gap that would be present in equilibrium with λ = λ f . The Loschmidt echo is now straightforward to evaluate. Using (7) and (13) we find
Where in going to the second line we have gone to the continuum description and assumed a flat density of states Evaluating the integral for large D ≫ ∆ f we obtain the compact result
This expression explicitly shows the connection between the behaviour of the order parameter and the Loschmidt echo thereby connecting revivals with DQPTs. We see that at the peak of the order parameter, i.e. t = t 0 where ∆(t 0 ) = ∆ f the echo becomes non-analytic. Thus, the Loschmidt echo is analytic as the order parameter approaches its equilibrium value however upon attaining this a DQPT occurs which coincides with the order parameter displaying non-equilibrium behaviour i.e. turning away from its equilibrium value, ∆ f . We note that upon analysing the exact eigenstates of H for a finite system [56] as well as their form factors [65] [66] [67] [68] the DQPT occurs only in the thermodynamic limit wherein the mean field analysis is valid. This behaviour is distinct from that which occurs in the Ising model which exhibit DQPTs regardless of system size.
The quantity
can be viewed as a dynamical free energy. Expanding around the DQPT point we have that l = πν∆ f (1 − |t − t 0 |) which shows the nature of the singular point. The discontinuity in the first derivative is akin to a first order EPT, further marking this behaviour as distinct from the DQPTs in the Ising model. Recently there have been attempts to construct Ginzburg-Landau type theories describing the system in the region of DQPTs and analyse their scaling behaviour [25, 26, 29] . This has been achieved in certain quenches of the Ising model using a mapping to the equilibrium scaling RG flow of the model. (18) is an exact expression for the dynamical free energy which is valid at arbitrary time and, as we shall show in the next section, for a wide range of initial states. Before proceeding, it is instructive to compare (17) to the thermodynamic case obtained from the boundary partition function at inverse temperature β = −it. This was calculated in [69] where it was shown that, rather surprisingly, the result is independent of ∆(β) and agrees with that of free fermions. The difference between the boundary free energy computed therein and l(t) suggests an involved analytic structure of G(z) in the complex plane.
B. Alternative initial states
Although the previous analysis was carried out for |Ψ i being the free ground state it can be carried over to other initial states also. To do so one can note that the BdG equations take the form of the Schrödinger equation for a driven two-level system and accordingly the exact time evolution operator can be constructed if two independent solutions can be found [70] . By exploiting the particlehole symmetry a second solution can be constructed from (13) . In general we have that
for ǫ p > 0 with u p , v p given by (13) and a similar expression for ǫ p < 0 with u p ↔ v p and ǫ p → |ǫ p |. In this notation the free ground state corresponds to |Ψ i = ⊗ ǫp<0 (0, 1) p ⊗ ǫp>0 (1, 0) p . We may therefore consider alternative initial states, in particular we may take excited states of the free (but still unblocked) gas. Particle like excitations are created by replacing (1, 0) → (0, 1) for some level, ǫ p > 0, in the ground state. In order for this to satisfy the consistency condition however we need to also create a hole-like excitation by making the opposite replacement at the corresponding negative energy, −ǫ p . Thus we can move any number of cooper pairs from below the Fermi surface to the unoccupied mirror image above it without disturbing G(t). This necessitates modification to the consistency condition. For example if we have these particle hole excitations in the initial state for energies 0 < W ≪ D we have instead ∆ ′ f ≈ ∆ f − 2W which reduces to the regular equation when W → 0. The Loschmidt echo starting from this initial state takes the same form as before (17) as the particle-hole excitation corresponds to u p (t) → −u * p (t) for the particle part and likewise for the hole part. Additionally, there is the appropriate replacement of the ∆ f → ∆ ′ f . Therefore when quenching from excited states or the ground state of a free Fermi gas to the BCS Hamiltonian a single DQPT occurs which coincides exactly with the peak of the soliton-like behavior of the order parameter.
C. Persistent Oscillations
We examine now the case when the initial state is the ground state of the BCS model with λ i > 0. In this scenario it was shown that provided ∆ i /∆ f ≤ e −π/2 , ∆(t) exhibits persistent oscillations [47] 
dn(x, k) being the Jacobi elliptic function. The period of the oscillations is 2K[(1 − ∆ 2 − /∆ 2 + )/∆ + ] ≡ t DQPT with K the complete elliptic integral of the first kind. ∆ ± are constants which are determined through (6) and are the upper and lower bounds of ∆(t), ∆ − ≤ ∆(t) ≤ ∆ + . In this situation the expressions for u p , v p are more complicated but nevertheless can be determined along similar lines of the decomposition in (8) and (9) . Of particular interest is the case when ∆ − ≪ ∆ + . In this regime the order parameter behaves as a sum of widely separated peaks
The full expression for the echo then reduces to
indicating the presence of a DQPT at each peak of the oscillation which reoccur with period t DQPT . It can be checked that this also occurs for general ∆ ± .
IV. ABSENCE OF DQPTS IN THE ABSENCE OF REVIVALS
The previous section detailed how an oscillatory order parameter is accompanied by a DQPT which occurs exactly when ∆(t) reaches a local maximum. We now turn to the case when the system is characterized at long time by a constant order parameter ∆(t) → ∆ ∞ , ∆ ∞ ≥ 0. This occurs when quenching from the ground state of H with with the ratio ∆ i /∆ f ≥ e −π/2 . In this case the state of the system is determined by mapping the mean field system onto an equivalent classical spin system [51, 52] . This auxiliary system is classically integrable and its dynamics solved exactly by means of the Lax vector formalism. In this manner the long time limit of |Ψ i (t) can be determined. Using the result derived in [51] we find that the Loschmidt echo can be written
where F is a constant, independent of t and K(ǫ) is given by
with the angle of rotation, θ(ǫ) determined through
with α = log (∆ i /∆ f ) and G(ǫ) = π 2 + 4α 2 + 4arcsinh 2 (ǫ/∆ i ) + 8αǫarcsinh(ǫ/∆ i )/ ǫ 2 + ∆ 2 i . Despite the complex form of K (22) takes the standard form of for a quench between two quadratic theories [10, 23] . Written in this fashion it is transparent that for a DQPT to occur it we require K(ǫ p )e −2it √ ǫ 2 p +∆ 2 ∞ = −1 however it can be easily checked that |K(ǫ)| < 1. Therefore DQPTs cannot take place.
V. CONCLUSION
We have examined the existence of dynamical quantum phase transitions and their relation to oscillatory behaviour of the order parameter in quenches of the BCS model. We have shown analytically that when the order parameter exhibits soliton-like behaviour a DQPT occurs exactly when ∆(t) reaches a local maximum. This coincides with the equilibrium value of the order parameter and so a DQPT occurs when the system displays the far from equilibrium of evolving away from its equilibrium position. Unlike previously studied examples, these DQPTs are first order and occur only in the thermodynamic limit. In contrast, if the system attains a long time steady state wherein the order parameter is constant, DQPTs are absent. This behaviour was shown to occur for a wide variety of initial states including excited ones, thus providing a solid connection between the behavior of the observables of a system and the existence of DQPTs in agreement with earlier results in the Ising [10] and Bose-Hubbard models [15] . Unlike previous works however our calculation is the first to treat the problem analytically. We conclude by noting that similar solitonic solutions exist for related models describing Bose-Fermi gases [55] and central spin systems [57] . We expect that similar behavior occurs therein also.
